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ABSTRACT

-~ This Report provides an analysis of a continuous, coded ranging

scheme. By the use of a Boolean function, several “component” sequences
are encoded into a transmitted signal. The receiver correlates the delayed -

return signal with different Boolean combinations of delayed replicas

of the components to determine separately the time delay of each

component sequence. From these delays, the total delay is computed.

By proper choice of encoding logic, number and type of components,

and the decoding logics and procedure, the range can be found in a rela-

tively short time. Optimal parameters of this ranging device are derived. -

. INTRODUCTION

A ranging system {Ref. 1 and 2) is a radar device which
can transmit a coded signal continuously and receive the
delayed return signal, also continuously. Such a system
is feasible whenever it is possible to isolate the trans-
mitter from the receiver by distance, terrain, sufficient
doppler shift, rebroadcast at a different frequency from
a transponder on the target, or a combination of these.
The advantages of continuous operation include maxi-
mum average-to-peak power ratios, variable integration
time, continuous range measurement and tracking, and
extreme accuracy.

One feature that must be incorporated into such a sys-
tem is quick and easy initial range determination. Con-
tinuous operation will often require quite long codes, if
no range ambiguity is to exist, especially when the range
is hundreds of millions of kilometers, as one might en-
counter ranging a planetary spacecraft.

In the unconstrained channel with white, additive
Gaussian noise, it has long been recognized that the
optimum receiver is a set of correlators, or filters matched

to each possible (assumed discrete) time-shifted return
of the transmitted code (Ref. 3). For a long code, this
requires a prohibitive amount of receiver equipment;
and with only one correlator, serial operation requires
an extremely long time to determine the range.

When the amount of receiver equipment is limited,
matched filtering is thus no longer the optimal detection
scheme. A better scheme, as is shown here, is one which,
by the use of a Boolean function, combines several
“component” sequences to generate the transmitted signal;
the receiver quickly acquires the phase of each compo-
nent and computes the range from this. This method was
first suggested by Golomb (Ref. 4), and an operational
model, built by Easterling (Ref. 5), has had amazing
success ranging the planet Venus (Ref. 6).

This Report presents a general method for treating
Boolean functions of component sequences. The optimal
logics, component sequences, and number of components
can be found by using the method.
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ll. COMPONENT-CODED RANGING CODES

A. The Acquisition Ratio

Suppose that a signal x(¢), generated by modulating a
carrier by a sequence a = {@.} having period p, is sent
through a simple continuous channel with white, additive
Gaussian noise of zero mean as shown in Fig. 1. The
time series y(t) presented to the receiver is

y(t) ==z(t — =) + n(t)

P (£)

x{r). TIME DELAY, 7

NOISE, n{7)

Fig. 1. The continuous channel

Here we assume no attenuation in the channel; we do
this without loss in generality by assuming that the re-
ceiver is capable of amplifying y(¢) to recover any chan-
nel loss. The noise is, of course, also amplified, and this
must be taken into account.

If t, represents the clock rate of the modulating se-
quence a, then the channel delay = is, for some integer k,

T = kto + To, (0 S.'To < to)

Once 7, is found, the receiver “locks” this quantity out of
the measurement on r. We will assume, for the present,
that such an initial synchronization or clock lock is in
effect, and first consider cases with r = kt,.

The optimum receiver to estimate k for the Gaussian
channel is shown in Fig. 2, This receiver minimizes the
error probability for a given detection time, or, equiva-
lently, the detection time for a given probability of error.
It consists of filters (or correlators) matched to each pos-
sible transmitted signal, and this, as indicated previously,
generally requires a large amount of equipment. Some-
times we are limited to a certain amount of equipment
or receiver complexity, and we must operate on the in-
coming signal accordingly.

For example, by using p correlators, we are able to
estimate or “acquire” the time shift, or “phase” of the

2

received signal with a certain probability of error after
integrating for, say, T sec. This is the least T giving this
probability of error. However, when limited to one cor-
relator in the receiver, we must correlate the incoming
signal serially against every phase shift of the incoming
signal, which requires pT sec to achieve the same prob-
ability of error. There is thus a trade-off between receiver
complexity and acquisition time:

7. - tme for a one-correlation receiver to acquire a
aed number of correlators in receiver

y(/)——*r——?———b -
x{f)

o o,

= DECISION [-—8= QUTPUT

)r(f—fo)

— oy | :

i
£

{
T

[r (o-1) fo]

A

Fig. 2. The optimum receiver for the white-noise
Gaussian channel

Now, as an alternative, suppose our scheme is to cross-

_correlate a against several locally generated sequences,

5aY y1, ¥2, **+ , va. The cross-correlation function Cay,(m)
repeats itself cyclically with period

v; = (p, w;)

if i has period u;. That is, Cay; (m + v;) = Coy, (m).

Knowing the vector m = (m,, m,, ..., m,) containing
the delays m; (reduced modulo v;) at which each of the
Cay, (m) is a maximum, we must be able to decide the
most probable value of k uniquely. The number of dif-



JPL. TECHNICAL REPORT NO. 32-411

ferent vectors encountered must thus be greater than the
number of phases of a, so

p S [vl, 02) '.',vn]

Second, the period u; of y; cannot be relatively prime
to p, for if it were, Cay, (m) would be the same for all m
[because v; = (u;, p)]. Every v;, therefore, divides p,
and hence

p 2 [Ula vZa e, Un]
These last two inequalities indicate that
r = [vh Uy, "':Un]

With one integrator observing T” sec per step, the time
required serially to perform all correlations of a with the
vi, phase-by-phase and sequence-by-sequence, is (v, +
Uy + e + 0,)T". We choose T” sufficiently long that the
confidence limits in this scheme are the same as the pre-
vious ones using integration time T. The acquisition
ratio, defined as

(T72eq >/(TacQ) = {(Dl F v+ ..t Dn)T'] /(pT)

represents the relative saving, if any, between the two
schemes, each with the same specified number of inte-
grators.

If it were possible to pick y;, n, and T’ in such a way
that the ratio is less than unity, the alternate scheme
would prove a more desirable receiver in that for a
given receiver complexity and error probability, the total
time to acquire is less in the second method. We will not
only show that this is possible, but we will also give a
way by which a great saving can be achieved,

B. Correlation Time as a Function of

Distinguishability

We now wish to compare the integration time T re-
quired to give a constant probability of error as a func-
tion of correlation separation. Suppose a umit-power
signal x(t) is transmitted, y(¢) = x(t — m) + n(t) is
received, and the receiver correlates y(t) against a unit-
power waveform z(¢) for a time T. The output A (m, T)
of the integrator is then

Am) = [y a(e)

= [ate=myae) @+ [neey ae) ae

= TC,. (m) + N (T)

We allow m to be any one of a discrete number of
values, and we assume the noise is white, with zero mean.
The noise term at the termination of integration has
variance

o = £ (N?) =[)T [}T(No)/(2)8(t—~s)

X z(t) z(s) dids

= (No)/(2) fzz(t) dt = i N,T

Let AC,. represent the distinguishability of the nor-
malized cross-correlation values C,. (m):

Aczz - lcxz(m') - sz(m") !

where | Coo(m’) | > | Cpu(m) | for all m, and m” is
chosen to minimize the difference above. The distinguish-
ability-to-noise ratio limits the error probability; that is,
two correlation detectors will have approximately the
same probability of error if they have the same distin-
guishability-to-noise ratio, & (AA)/ox:

[€ (an)]/(ew) = [TAC..] /[ (iN,T)}]

= [(2T)/(N,) ] AC..

As a result, the integration time for a given probability
of error [more precisely, for a given & (AA)/ (ox)] in-
creases as the inverse-square of distinguishability of
cross-correlation values.

T = No £(84) [ACM]"2

2 ox

The ratio of the times T” and T for two such systems is

hence
3
T AC
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C. Minimum Acquisition-Time Receivers
To minimize the acquisition ratio
Taca _ (0 T 02+ <o+ 0,)T"
Tacq pT

(0, + v+ 2o+ 1,) [ AC,, \?
[01, 02, «oe 00 ] AC o

I

for a fixed n, by choosing o and v;, ---, y.» properly, we
must first make the distinguishabilities AC,,,, as large as
possible, and second, minimize {v: + <** + v.)/[ovy,
LR 3 R UII] .

Recall that for each i and §, v; and v; must have some
non-unity relative prime factors. There will always exist
v}, i =1, ..., n, relatively prime in pairs (assnming
P 55 Uy Us ees Uy, ) with

p =, v -0
such that (v} + v, + v+« 4+ 0, ) < (v, + v, -+ +v,). To
demonstrate that this is possible, we proceed as follows:

stepwise, consider all pairs v;, v;, and arbitrarily set
v; = v} and v} = v;/(vi, v;) at each step. The final set

{ v} } is pairwise relatively prime and v} v} **+ o/, = p,
with either ¢} < v; or vj = v;. Hence, (v, + v, + =<+ +
Da) 2 (0] + 0 +e0 0}).

Since we wish to pick v; to minimize the acquisition
ratio, we must let the v; be relatively prime, for otherwise
we could follow the procedure above to pick a relatively
prime set of v} giving a smaller acquisition ratio.

It is a well-known result that (v, + =+ 4+ v,) is min-
imized, relative to the constraint that p. = p; v, *** v,
by choosing each v; equal to ™/ p. Of course, the dis-
tinctness of each v»; makes this impossible. We must, in
consolation, group the v; as close to ™/ p as possible,
keeping them relatively prime.

In summary, for a minimum acquisition-time receiver,
we seek n well-chosen sequences whose correlations
Cay,(m) have periods v; which are relatively prime and
close to ™/ p and which have a maximum distinguisha-
bility AC” between phases. Over all such schemes, we
then choose n to further minimize the acquisition ratio,

approximately
T’acq ~n pl;zi éﬁ ) 2
Toca AC
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. BOOLEAN COMBINATION OF COMPONENT SEQUENCES

It has been shown elsewhere (Ref. 7) that the dis-
tinguishability of an autocorrelation function can always
be made greater than that of a cross-correlation function.
We may attempt to minimize this effect by defining o as a
combination of “component” sequences £;. That is, we
would like to be able to combine the ¢; in some way to
produce «, choosing this function to maximize the dis-
tinguishability. We are dealing with binary sequences,
and it is thus natural to use a Boolean function. We will
assume that, for an arbitrary Boolean function f, the
function is applied termwise, as though a were the out-
put of a switching network when the inputs are the &
{see Fig. 3).

-
fl
52
£, —
INPUT SEQUENCES) . oneE AN e oUTPUT sEQUENCE
£=6,,...,¢,) £(x) a= F(E)
£, —™

Fig. 3. Sequence generation by logical combination
of component sequences

We assume o and the & are binary (1) sequences,
so that f is a (1) Boolean function. Define &, &, and f
on {0, 1):

a=(—1)%
= (-1
f=(—-17

As a convention, we will assume fis a (==1) function of
{0, 1) variables x;.

Since the transmitted sequence a = f(é) is a function
of component sequences, we will correlate a at the re-
ceiver against sequences y; = g; (é), also made by form-
ing Boolean functions of stored replicas of the same
component sequences. When correlating a against v;, we

agree to vary only the phase m; of £ at the receiver to
compute Cay,(m). Then Cay,(m) has period v; = (p, u}),
where u/, is the period of ¢&;,. By our reasoning in Section
II-A, we see that u] must equal v; and satisfy all the con-
ditions laid forth previously.

To optimize the set of &;, we thus must choose the v;
relatively prime in pairs, and each approximately "/ p,
where p = v; 0, ++. v, is the period of a. Then we must
choose f and the g; to make the AC 4y, as large as possible.

A. The Boolean Transform
Let f(x) be a ==1-valued Boolean function of (0, 1)

variables x;, «es , X, For any 8 = (5, $u, ees, 8,), 5; =0
or 1, define

¢(8,X) = 2»11/2 (_1)3111+---+s’.r.

These 2* functions of x, the Rademacher-Walsh func-
tions, form an orthonormal basis for 2"-space. Since f(x)
is completely specified by the values it assumes on each
of the 2" different x, f can be treated as a member of 2"-
space. Relative to the basis ¢ (s, x), f{x) has components
F(s) given by

F(s) = 2 5 f(x) ¢(8 x)
allx
That is, F(8) is the projection of f(x) on ¢(s,x), nor-
malized so that

2 F(s) =1
Similarly,

f(x) = 2% S F(s) $(s,x)

F(s) can also be viewed as the correlation between the
truth-table of f(x) and that of s,2, P *** @ sux,.

B. The Correlation Function

Consider the effect of putting binary sequences & into
the logic f(x). The value of the ith sequence at time k is
&, and the vector giving the input variables to f at time k
is &,; the output is then f( Ek ). This can also be expressed,
by using the Kronecker delta, as

ae = f(&) = 2f(x) 8 (x, &)

[S—
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ar = 2¥ 3 F(s) ¢(8 &)
= D F(s)(~1)abet et b
atl s

=Y F(s) & &5 €
all g
Note in the above that the F(s) are properties of the
logic alone and do not involve the form of the input
sequences.

Let y be another sequence made by inserting the n
component sequences &; into a logic g(x):

ve=g(&) =" G(s) & £ «ee €31

At the receiver, we correlate the incoming sequence a
against this locally generated one, choosing the logic
g(x) to maximize the distinguishability among phases.
We allow different logics at the receiver for each com-
ponent to be acquired; that is, while £, is being acquired,
use g,{x), and while &, is being acquired, use g.(x), etc.
This cross-correlation takes the form

111—1 8 w1
Coy (m) = ETF(s) G| 535 nelhm e
g:jk é:‘:}v%]

The fact that the £ all have relative prime periods means
that they are independent to the degree that the correla-
tion of products is the product of the correlations. Because
of this product rule and because

lv‘—l' 1 ifs,-=wi=0
.1_): Z é::k g:‘h-m = d,, ifSi 75 w;
k=0 Ci(m) ifs;=w;=1

where we introduce the notation

v—

-

1
di - v; &2 fzk
1 -1
Ci(m) = T & ik Eikem

we can then write the following expression for the cross-
correlation function

Cay (m) _—:z }:F(s) G(w) }?I dila,-~w; I[C,;(m)]qw;

(Here we adopt [-]° = 1 purely as convention.) If we
denote the product term as C(m; s, w),

Coy (m) = Z Zw: F(8) G(w) C(m;s,w)

This formula is of fundamental importance in finding
the minimum acquisition-time receiver. Note that, by
using it, one may express the cross-correlation between
any two Boolean functions of the £; as a sum of transform
coefficients of the two functions weighted by autocor-
relation properties of the £. Also note in the equation
C{(m; s, w) that when s; 5= w;,

|C(ms e, w)|<d;

~ and when both s; 5= w; and s; 5% w;,

]C(m, 8, W) ! S didj, etc.

From these considerations, when the d; are sufficiently
small, we may often omit the terms with s = w from the
correlation equation. This is generally the case, for as we
shall see, the £ must have maximally distinguishable
correlation functions, a condition requiring small d;
(Ref. 7).
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IV. MINIMUM ACQUISITION-TIME SYSTEMS

In this Section we treat two ranging systems. The first
is the optimal configuration assuming that symbol syn-
chronization between transmitter and receiver is achieved
through some external source. The second relaxes this
condition, but instead uses one of the components as a
“clock” sequence, locking a phase-locked loop to the
incoming symbol rate.

Not only are the encoding logics f different for these
types of systems, but also the decoding logics g;.

We assume that the transmitter codes are displaced
from the receiver codes by m,, m,, ..., m, steps, or an
equivalent shift of m steps,

m = m; (mod v;)
v; = period of sequence at input x;

We step each component at the receiver until we have
moved the locally generated components by an amount
equivalent to m and thereby determine the “distance” m
from transmitter to receiver.

If the o received is delayed by m steps, our decoding
scheme is also clear: after having found the delays m;
giving maximum cross-correlations of o with each of £,
we declare that m is that integer such that, for each i,

m = m; {mod v;)

which has a unique solution modulo p by the “Chinese”
remainder theorem (Ref. 8) of number theory.

A. The Synchronous Receiver

This first system, as we have indicated above, is based
on the assumption that initial synchronization or clock-
lock is in effect so that the received sequence is symbol-
wise in-step with the locally generated ones. The decoding

- procedure is based on the following criteria:

1. The order of component acquisition is immaterial,
provided the proper decoding logic corresponding
to that component is used.

2. Acquisition of any component does not rely on prior
acquisition of any other component.

Consider the terms in f(ﬁ) involving &;; ie., the con-
tribution of the ith input to the total output. Call this
part of the signal £;(£). For example,

f(8) = F(1,0, - ,0) & + F(L 1,0, +++0) & & + +=+

Those terms of f, in which £,, ..., &, appear can be viewed
as “cross-talk,” which can be a degrading factor in deter-
mining the shift of £ if no knowledge of &, ... , £, is
assumed. -

The receiver must thus either minimize this cross-talk
and/or try to estimate what the cross-talk will be and use
this information to further enhance reception.

If the signals in each channel are independent, or if
we do not allow estimation of one component to influence
the estimation of another, we have no other course than
to minimize cross-talk. We desire, then, to separate from
f(&) only that component carrying the information we
want. This is accomplished most effectively by correlating
o = f(f,) against ¢,. We desire to pick f and the &, i =
1,2, -, n, in such a way that the cross-correlations of «
with each & have maximum distinguishability. By choos-
ing gi(x) = (—1)%, we can write & as

&= gi(&)
The transform of g; is easily computed, for we note that
gi(x) = 2"%¢(x, '), defining et to be the ith unit vector
having a single one, in the ith place.
e =(0,0,:++,0,1,0,++-,0)
The transform of g; is then
Gi(s) = 8 (8,e%)

Consequently, the cross-correlation equation reduces to
Cag, (m) = {[Z F(s) 11, ()% | € (m)
+[ > F(s) II (d,-)s,-]di%
5, 8,50 i#i

For any two values m’ and m’’ of m,, the difference in
correlation values Cag; (m) (and specifically the distin-
guishability) is dependent separately on the autocorrela-
tion of & and the Boolean function

Cote () = Cog (m") = [ 2 F(a)IL ()" ]
X [Ci(m’) - Ci(m”)]

7
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Our course to optimize the acquisition receiver is now
clear; first, each ¢; is to have minimum out-of-phase auto-
correlation values so that C;(m) has maximum distin-
guishability and, second, f is to be chosen such that

PIRIOBEAD

is maximized—also for each i. Further, we can always
choose the sum to be positive by proper choice of f; for
suppose the sum were negative. By choosing g/ (s) =
{ — 1) =+, we correlate a against £, given by

& :g:(é) ==&

and have Cog}(m) = — Ca,(m), which has the sum in
question positive. By duality, we can thus always com-
plement x; in f(x), if need be, to make

ZF(s)ﬂ(d) >0

By 8 =1
Now, consider the sum to be maximized,

S F(s)11(d;)*

58, =1 it

One of the terms in the sum is F(e?), but the remainder
have products of d; as factors. Denote

d' = max {|d; I}

Fyzix;gi{iz?(s) [}

ste’

Using the triangle inequality, we bound the sum of re-
maining terms, calling it F, as follows:

=| 2 FOIE)y | < 3 |FEIIL|d; |
#;‘- i 8,8,=1 j#i

sfet

IFI<Fe T 0@y

< FM[Z ) (d'ye — 1]

The binominal theorem applied to the inequality gives

322?(5) g (@) | < Fu [A+d)y— —1]

Note that when d’ is small this upper bound can be re-
placed by nd’F:

|F| < ndFy

We recognize that by using nearly balanced sequences
for the & [which we want to do to optimize distinguish-
ability (Ref. 7)], it is highly efficient to maximize F(e)
by proper choice of f(x). In fact, any time that nd’ < 1,
this is the course we must follow to insure the largest
possible F(e’) + F. When we use nearly balanced se-
quences, we can approximate

Cog,(m) >~ F(e') Ci(m)

So that all channels are identical, let us set all F{e?) =
F(e'). We can then prove that if f(x) is a Boolean function
such that F(e') = F(e') for all i, and F(e') is maximal
over all Boolean functions, then f(x) is a strict majority
logic:

1
f(X)={
-1

To show that this is true, note that

if x has less than n/2 one’s

if x has more than n/2 one’s

where ||x || denotes the number of one’s in x. To maxi-
mize F(e'), if ||x || > n/2, we must make f(x) = — 1, and
if || x || < n/2,we must make f(x) = 1. Those x with 1E3]
= n/2, if n is even, may be placed arbitrarily in the truth-
table of f without affecting F(e'). If n is odd, f is a sym-
metric Boolean function; that is, we may permute the x;
without changing f. And if n is even, we can make it sym-
metric by symmetric placement of those x with |[x|| = n/2
in the truth-table. Then, if [y] denotes the integer part
of the number g,

1.n [n/2]
Fe) =22 5 (2) [n — 2k]

()

For moderately large n, this is approximately

Fle!) = [/2) (n — )]
by the Stirling formula (Ref. 2).



Into the acquisition ratio we insert the distinguishability
for the cross-correlations Ceg(m) and the distinguisha-
bility of C,.(m) if o/ were an optimal sequence from the
autocorrelation viewpoint. Whenever the o; are much
larger than unity, both AC; and AC, are approximately
one. The acquisition ratio to be minimized is, then, ap-
proximately given by

n—1
n—1
2

Tlacefn) _  21on) o
Twy P |2

{ As shown in Appendix B, we need consider only odd n.)
Use of the Stirling approximation reduces the approximate
acquisition ratio to

Tlacq ~ _'I_T_ —— 1/n
Toy = (2p) nn—1p

To find the optimum value of n, the derivative of T"..o/
qu,

T’a,cq/Tacq 1/n
i(—_aln_) o~ (—i%) (%;—-) [2n* —n — (n — 1) Inp]

goes to zero only when the term in brackets is zero; this
occurs at those values of n, such that

hp=[@n—1Inl/[n—1]
n(2n-1)
p=e€e n1

3
U= ap e

Upon insertion of this value into the acquisition ratio, we
find the optimal ratio:

(%Ss.) opt _A_J_;_n(n — 1) e
aeq

This ratio above is tabulated in Table 1. Note that the
ratio is less than unity, and hence the minimal acquisition-
time receiver is better than matched filters.

Hence, the minimal acquisition-time receiver would,
ideally, given an a-period p, combine n optimal binary
sequences with

JPL. TECHNICAL REPORT NO. 32.411

n{zn-1)
p~e ™1

using component sequences £ of periods v; relatively
prime in pairs and near to 9 ~ &2),

Table 1. Optimal acquisition ratio and periods for
given n, single correlator case

N (=)
Tacq

1 any 1.0 X 10°
3 1.8 X 10° 6.4 X 107
5 7.6 X 10* 3.9 X 107
7 3.8 X 10° 1.5 X 10°°
9 2.0 X 10° 47 X 10
1 1.0 X 10° 1.3 X 10°®
13 5.7 X 10% 3.4 X 10
15 3.1 X 10" 8.4 X 1078
17 1.6 X 10™ 20 X 1074
19 9.1 X 10" 4.6 X 107%

B. Modified Synchronous Receivers

Suppose, as an alternative, we are willing to make a
receiver which has one correlator for each of the com-
ponents ¢ of a. What is the best receiver? Just as in the
constant-equipment case, we define an acquisition ratio:

T’..q __ time for n-component acquisition
Tacq time for 1-component acquisition

The time for a 1-component code a to be acquired is
merely its period p times the integration time T per
phase, or pT. On the other hand, with n correlators work-
ing simultaneocusly, the time to be acquired is the new
integration time per step T times the number of phases,
or max {v;} T,

H

T,acq — max {’Ui} _T'_,
T&cq N [Ul, v?a b * Uﬁ"] T

To minimize this ratio, we may argue as before: the
v; must be relatively prime; for if they were not, we could
pick a relatively prime set with the same least common
multiple but having a smaller maximum component.
Next, to further minimize the ratio, we want to make
(i)max as close to the average v; as possible

(0 )max == (02 + **++ 0,)/(n)

The best acquisition ratio is thus given by
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T’acq ~ Dy + o + Uy T’
Taew  noO 000, T

This equation is exactly the same form as that for the
minimum-equipment receiver described previously ex-
cept for a factor of 1/n. The same technique for obtain-
ing « from the components ¢ (which must be optimum
bmary sequences) must be applied in both cases; that
is, & = maj (é) Further,

v; ="
With a majority logic, optimum components, and v; =~

n/p, the acquisition ratio is approx1mately 1/n times
that found in Section IV-A

, n—1
17:“3‘1 ~ p—1+1/n 2-n+1 n — 1
acq 2

Upon setting the derivative of this ratio to zero, we
find

n2
p = et
n

v; ~ el ~e¢g

T’ac
(Tac:> opt == -g— (n hant 1) er

This is tabulated in Table 2. Although if each v; were
about 3( = e) in length, the analysis above, based upon
the assumptions that the d; are small and n is large, may
not be strictly valid because the relative prime condition
on {v;} may carry (i)me far from e. But the analysis is
indicative of the action to be taken in the design of such

a receiver; after an approximate choice of p, choose n
such that

il
p~ et

Having this n, choose n relatively prime optimal compo-
nents ¢ whose periods are as small (but greater than one)
as possible, Then modify the choice of p to

P =0, 0,0 Un
The approximations certainly establish a lower bound

on the acquisition ratio, in any case, since optimal condi-
tions were assumed at all times.

10

Table 2. Optimal acquisition ratio and periods for

given n, n-correlator case
n P (r"c‘l)
Ir;eq

1 any 1.0 X 10°
3 9.0 X 10 1.5 X 107
5 5.2 X 10° 4.2 X 10™
7 3.5 X 10° 8.6 X 107
9 2.5 X 1o* 1.6 X 107
11 1.8 X 10° 2.6 X 107
13 1.3 X 10° 43 X 107
15 9.5 X 10° 67 X 107°
17 7.0 X 107 1.0 X 10°°
19 5.1 X 10° 1.6 X 1077

C. Optimal Clock-Component Codes

We have previously assumed an initial synchronization
or clock-lock condition in finding optimal codes. How-
ever, we now relax this condition so that the receiver .
must not only determine the proper integral number of
phase steps separating the incoming and local codes, but
also it must acquire the incoming symbol rate and lock
its code generators to it.

Easterling’s single-channel ranging receiver is shown
in Fig. 4. The inner loop, or clock-loop, is synchronized
to the symbol rate of the incoming code a by the pres-
ence of a “clock component” in o, and the locally gen-
erated code v is slaved to the output of this clock-loop.

CORRELATION
METER
B — LOW PASS
]
—o?——‘» FILTER VCo
CLOCK—LOOP
90 deg
¥
! CODER g,
£
STEP ? f ? I
& & €,

e Ay
INPUT CODES

Fig. 4. The single channel ranging receiver with
clock-acquiring loop



Whenever the clock-loop is locked to the clock com-
ponent of a, the local code y is stepwise synchronized
to a.

Both a and y are logical combinations of a clock
sequence
e L ey

and n — 1 other sequences, whose properties we shall
describe in more detail later. The transmitter logic we
take, for convenience, to be of the form

Xy @ ﬂxly X2,

and, similarly, those at the receiver to be

X1 @ gi(xb Xz, **°, x'n)

In these functons, x, is the clock input and x,, <, x,
are the other sequence inputs; ¢, as usual, indicates
modulo 2 addition. We have indexed the g’s with an i to
denote that we are willing to use different logics in the
decoding procedure, perhaps a different logic for each
component.

"',x,,_)

The correlation meter reads the normalized cross-
correlation C{m) between the incoming and local codes;
the clock-loop is held in lock according to the normalized
slope of C(m), defined as

AC(m) = % [C(m) — C(m)]

where m’ is the effect of stepping the clock phase one
step forward; i.e., from m, to m, + 1. We shall refer to
AC(m) as the clock-lock correlation.

The optimal codes to use in the above scheme must
have the following properties: (1) A specified initial
clock-lock correlation, (2) maximum increase in clock-
lock correlation as components are acquired, and {3) no
more than a specified percentage drop in clock-lock dur-
ing the search. :

Besides these obvious requirements, it is advantageous
to adopt the following philosophy in choosing the logics:

1. Acquisition of kth component does not rely on the
fact that any of the k — 2 previously considered non-
clock components have been acquired.

2. The fact that previously considered components are
acquired shall enhance acquisition of the component
under present scrutiny.

3. Components not yet considered, whether such com-
ponents happen to be already in-phase or not, shall
not affect the acquisition.

JPL. TECHNICAL REFPORT NO. 32-411

In previous analysis, we have seen that the components
£ must have relative prime periods, have small out-of-
phase correlation, and a balance of one’s and minus one’s.
To simplify calculations, we make the following assump-
tions concerning the §&;:

1. Independence; i.e., the correlation between the ith
and the jth input sequence | Ci;(m) | = 0 for all m,
everyis=jand i, jz= 1.

2. Perfect autocorrelation of input sequences; i.e.,

C;(m) = Ofor all m =% 0 mod v;, all § =< 1.

3. Balance; i.e., equal number of one’s and zero’s in
each component sequence, per period.

For the type of sequences we must use as components
(pseudonoise or near-pseudonoise ), none of the above
assumptions strictly applies—in fact, 1 and 2 cannot
occur simultaneously. However, each “= 0" above can be
replaced by “<€” for some appropriate €, so that the
results are essentially the same whenever € is small.

Based on these criteria, the optimum coding and de-
coding functions are found by the following rules:

1. Encoding function: transmit x, @ f(xl, KXoy *** , Xn),
where f has w on€’s in its truth table,

w=2"1(1 ~ C,)
C, = initial clock-lock correlation
These w one’s are put in f in a modified majority logic:
if F (0 2oy, 20) = 1
and (x,,+**, x,) has fewer one’s than some (ys, ***, yn)
then flys, 42, **, ya) = 1

2. Decoding functions: decode by correlating with x, @
8 (%1, Xo, *** , x,) where each £; has u on€’s in its truth-table,

u=2"*(1—-K,)
K, = fractional drop in clock-lock from C,

a. Clock-component acquisition: g;(xy, %z, *** ,%,) = 0
AC =C,

b. kth-component acquisition: first list the w vectors on
which f{x, x5, ***, %) = 1 and calculate the numbers

difference between number

of times
52X Do P syx, = land
S P Pox, =0

Fr(sg,%%2,8,) = 2™

11
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for every binary vector (s,, s, ***, sx). Now choose the
u vectors on which gy (x,, ***, x,) = 1 as follows:

(1) = = 1 for each of the u vectors

(2) ifforany (s,,**,s,) having all s; = 0,§ > k, and
F’(8) % 0, make the number ‘

difference between number

, .. — ot of times
GL(82,%00,8,) =2

S P oo P spx, = 1 and
sXo D Psux, = 0

have the same sign as F’(s) and be as large in magnitude

as possible; if it is not possible to make them have the
same sign, make G/ (8) as near to zero as possible.

(3) If any s has s; = 1,7 > k, and F’(8) £ 0, make
G/ (s) equal to zero if possible; and if not, preferably
F’(s) and G; (s) should have the same sign.

The reasons for the above steps are based on the fact
that, according to the assumptions, it follows that

8Cay(m) = CoKs + 3 F/(s) G, (s) 11 [Ci(m)]*

Step (1) makes the principal jump as large as possible,
step (2) asks that the previously acquired components
enhance acquisition when possible, and step (3) insures
that the effect of unacquired components is minimized.

APPENDIX A

Example of an Optimal Clock-Component System

Consider a five-component (four-component plus clock)
system with the following constraints:

1. Initial clock-lock, C, = 0.625
2. Drop in clock-lock, K, = 0.625

These numbers fix the number of one’s in the truth-
tables of fand 2

w=u=2(1—-0625) =6

12

The six one’s of f are then placed on the following
vectors, in accordance with the modified majority logic:

(11111)
(11110)
(11101)
(11011)
(10111)
(01111)
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The 16 numbers F/(8) are easily calculated:

F’(1000) = F/(0100) = F/(0010) = F’(0001) = 0.25
F/(1100) = F(1010) = F/(1001) = F/(0110) = F/(0101) = F/(0011) = — 0.125
F’(1110) = F/(1101) = F/(1011) = F/(0111) =0

F/(1111) = 0125

To design an optimal clock-component system, we
utilize the rules stated in Section IV-C:

1. Clock acquisition: AC, = C, = 0.625

2. Second component: We choose six vectors which
satisfy the rules (1), (2) and (3):

The only G/, (s8) not satisfying (3) is G, (1111). But
we reason that this is acceptable because its contribution
is detrimental only when all components are already in
lock, a likelihood of only one chance per total period.

The clock-lock correlation equation is

AC,(m) = 0.391 + 0.094 Cy(m) + 0.015 [Cs(m) Ci(m) + Cs(m) Cs(m)
+ C(m) Cs(m)] — 0.081 C;(m) Cs(m) Ci(m) Cs(m)

By (1):

(-1
(-1
(-1--
(-1---
(-1
(-1---

By (2): no constraint

By (3): columns 3, 4, and 5 must be balanced. Modulo
2 sum of columns 3, 4, and 5 should have balance or ex-
cess of one’s;

Since there are six vectors, it is not possible to have
rows 3, 4, and 5 balanced and the modulo 2 sum of any
two columns also balanced. Hence, we seek to have more
zero’s in the modulo 2 sums of any two columns.

(01000)
(11001)
~ ](01010)
(01111)
(11111)
(11100)

G.,(1000) = 0.375
G;(0100) =G, (0010) =G,(0001) =0

G/ (1100) =G, (1010) =G, (1001) =0
G;(0110) =G,(0011) =G;(0101) = — 0125
G,(1110) =G, (1011) =G, (1101) = 0.125
G, (0111) =025

G,(1111) = — 025

Note from this that even if all components were in-phase,
the net result would be an enhancement of 1.5%.

8. Third component: Again choose six vectors:

By (1): (~-1--)
(--1--)
(--1--)
(--1--)
(--1--)
(--1--)

By (2): G4(- - 0 0) is to have the same sign as F’
(- - 0 0) and be as large as possible:

--)

P e N R R e

O i v

T -
13

R S T R g

By (3): Again, columns 4 and 5 must be balanced. This
again means their modulo 2 sum cannot be balanced.
Since F’(0011) is negative, we must have a majority
of zero’s in x, P x,:

(01100)
(11100)
(01101)
(01111)
(11111)
(11110)

233

13
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G, (1000) = G;(0100) = 0375
G,(0010) =G, (0001) =0

G7(1100) = — 0375

G;(1010) =G, (1001) =G,(0110) =G7(0101) =0
G,(1101) =G (1110) =0

G,(0011) =G, (1111) = — 0125

G,(1011) =G4 (0111) = 0125

The clock-lock correlation equation is

AC;(m) = 0.391 + 0.094 C;(m) + 0.094 Cy(m) + 0.047 C(m) Cy(m)
+ 0,015 C,(m) Cs(m) — 0.015 Co(m) Cs(m) C, (m) Cs(m)

Again, the effect of components 4 and 5 being in-phase is By (3): Column 5 is to be balanced, and since F/(010 1)

nullified.

is non-zero, we make G/, (0101) = 0:

4. Fourth component: The six vectors on which g, = 1

must have: (01110)
. ) (01111)

By (1): § i; . (11110)
(---1-) “\(11111)
(---1-) (01010)
(---1-) (11011)
(---1-)

By (2): G, (- - - 0) are to have the same sign as F’ G, (1000) =G’ (0010) = 0.375

(- - - 0) and be as large as possible. G/ (1010) = — 0375
(-111-) G,(0100) =G/ (1110) =0.125
(-111-) G,(1100) =G,(0110) = — 0125
(-111-) GL(0001) =G, (1001) =G/, (0011) =
(-111-) G, (1011) =0
(-101-) G,(0101) =G,(1101) =G, (0111) =
(-101-) G, (1111)=0

14

Clock correlation is now

AC,(m) = 0391 + 0.094 C,(m) + 0.081 Cy(m) + 0.094 C,(m)
+ 0015 C;(m) Cs(m) + 0.047 Co(m) Cy(m) + 0.015 Co(m) Cy(m)
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5. Fifth component: The last six vectors must satisfy

only (1) and (2):

By (1): (----1)
ceo-1)
e --1)
e 1)
----1)
- - 1)

P A A

By (2):

(01111)
(11111)
_J(01011)
& (11011)
(01101)
(11101)

G;(1000) =G, (0001) = 0.375
G, (0100) =G, (0010) =G, (1101) =

G/ (1011) = 0125

G, (1100) =G, (1010) =G4 (0101) =

G, (0011) = — 0125

G/ (1001) = — 0375

G:(0110) =G;(1111) = 0125
G/(1110) =G, (0111) = — 0125

Clock correlation is then

ACs(m) = 0391 + 0.094 Co(m) + 0.81 Cy(m) + 0.081 C4(m)
+ 0.094 Cs(m) + 0.015C,(m) Cs(m) + 0.015 C,(m) C,(m)
+ 0.047 Co(m) Cs(m) — 0.015 Cy(m) Ci(m) + 0.015 Cy(m) C;(m)
+ 0015 Co(m) Cs(m) + —0.015Cy(m) Cs(m) Cu(m) Cs(m)

Once these calculations are made, the logics given in
Table A-1 are established. The decoding proceeds as
follows (see Fig. A-1):

1. First component: clock-locks, 62.5% correlation.

2. Second component: with clock in lock, using g,
correlation is 39.1% until the second component is ac-
quired when correlation jumps 94% to 48.5%. If any
of components 3, 4, or 5 are in lock, the initial clock-lock
at this point may be 1.5% higher.

3. Third component: using g, assuming clock and
.second-component lock, the clock-lock correlation is
48.5% until third component acquisition, when’correla-

tion jumps 14.1% to 62.6%. Components 4 and 5 have
no effect.

4. Fourth component: using g, and assuming compo-
nents 2 and 3 are acquired, the clock correlation stands at
58.1% and jumps 15.6% to 68.7% as component 4 is
locked. Component 5 does not affect the reading.

5. Fifth component: using g;, assuming components 2,
3, and 4 are in lock, the clock-lock is initially 56.2%,
jumping 15.6% to 71.8% as component 5 is stepped into
phase.

6. Final combination: when all components are locked,
the decoder logic is changed to f, and the correlation
jumps to 100%.

15
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Table A-1. Ranging encoding and decoding functions

X5

Xy

X3

X2

X3

100

Bx, is the clock component.

71.8

68.7

ouT’ INJouT INjouT INjouT "IN ]our‘ IN | FINAL

100

|
Q
0

% ‘NOILV13HYH0D

o

COMPONENT

Fig. A-1. Acquisition diagram
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APPENDIX B

Calculation of F(s) for Majority Logic

Let n be odd and let f be the unique majority logic.
We consider only odd n, because if n were even

n—1
2“"( n )
Fu(e') _ 2 /_
Foa(e') (n)
2™t n
2

We could thus increase n by one without affecting the
correlation value (or the correlation time) but decreas-
ing the ratio (Xv;)/(Ilv;).

We wish to calculate the transform of f(x). Because
f is a symmetric function, if s has k one’s (i.e., 8 = k),
then for some permutation =

F(s) = F(xu*) = F(u*)

uk: (1, 1;..'>1;0>...70)

and by this symmetry of f, we need to calculate only
these F(u*).

F(u) = 27 D( — 1) flx)
X

RRRE T - Z( —_— 1)”1“’"""”"&]

n
x> 3

=2n[ F(- 1)
=~ lI=l1<F

Define the two sums above as

ARy =X (—Darea
=<5

B(k) =2 (—1)mreen
~lixl>%

Suppose that vector x has i one’s in it, § of which

, %, and i — § in X, ***, %.. There are

lie in x,, -*-
. ) such vectors x, and thus

(G-

3 ()

By similar reasoning,

Bk) = Z Z( )(z—;{/’(_w

. B+1
b= —

Let J(t) be the generating function
:i i(k)( )( —1)i¢
i=0 j=0 7 i .__7 /
()
ti-
; (7 ( Y 7:; ( | ]

E(G) s )

(1= ¢)% (1 +¢)m*

A1)

il
™s

If
(=]

II

n-1
Note that the sum of the coefficients of 9, ¢, «++, £ 2
is precisely A(k); that is,

n—1
A(k) = coeff.of £ 2 in (1 — )% (1 + £)»F (1L + ¢ 4 +=-
E
+t2)
i3 n+l

=coeff.of t £ in (1 — )% (L+¢)»* (1 —£2)

n-1

= coeff. of £ 2 in (1 — £)¥2 (1 + ¢)»*
= coefl. of t*1in (1 — £2)% (1 + g2)=*

(1 — t2)k‘1 (l + tz)n-k
2

= coeff. of t1in

By this procedure, we reduce A(k) to the residue of a
rational function, to be calculated by the Cauchy residue
theorem:

17
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 § "

Y ey

i=v-—1

integrating along any simple closed path containing the
origin.

T (CRUNCRD I

Choose the integration path to be unit circle, ¢ = e,

ks

n-2 { _.4)k-1 "
A(k) = 2 (i) 7) f sin®! z cos"* z dz

Because A (k) must be real, we may limit our attention
to the real part of the equation (i.e., to odd k). This inte-
gral is one which can be reduced by a standard table of
integrals [see Burington (Ref. 9), for example] to

i8

et ) o
A(k) = Re{(—1) (9_;%!(5_—2_1), (%’)

By a similar procedure, or by invoking symmetry of the
majority function, we compute

B(k) = A(k)
The final result for F(8) is, then

f n—k
(k—1) ! U n—k
F(at) = 2 R (*i)"“( ) 3-k>

=) N

which, for k = 1, gives the result obtained previously for

F(e): o
n—1
F(et) =2 (n -1
2
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Summary—This paper provides an analysis of a continuous,
coded ranging scheme. By the use of a Boolean function, several
#component” sequences are encoded into a transmitted signal.
“The receiver correlates the delayed return signal with different
‘Boolean combinations of delayed replicas of the components to
determine separately the time delay of each component sequence.
‘From these delays, the total delay is computed.

By proper choice of encoding logic, number and type of com-~
ponents, and the decoding logics and procedure, the range can be
found in a relatively short time. Optimal parameters of this ranging
device are derived.

I. INTRODUCTION

RANGING system [1], [2] is a radar device which
A can transmit a coded signal continuously and
receive the delayed return signal continuously.
Such a system is feasible whenever it is possible to isolate
the transmitter from the receiver by distance, terrain,
sufficient Doppler shift, rebroadcast at a different fre-
queney from a transponder on the target, or a combina~-
tion of these. The advantages of continuous operation
include maximum average-to-peak power ratios, variable
integration time, continuous range measurement and
tracking, and extreme accuracy.

One feature that must be incorporated into such a
system is quick and easy initial range determination.
Continuous operation will often require quite long codes,
if no range ambiguity is to exist, especially when the range
is hundreds of millions of kilometers as one might en-
counter ranging a planetary spacecraft.

In the unconstrained channel with white, additive
Gaussian noise, it has long been recognized that the
optimum receiver is a set of correlators, or filters matched
to each possible (assumed discrete) time-shifted return
of the transmitted code [3]. For a long code, this requires
a prohibitive amount of receiver equipment, and with
only one correlator, serial operation requires an extremely
long time to determine the range.

When the amount of receiver equipment is limited,

matched filtering is thus no longer the optimal detection

scheme. A better scheme, as is shown here, is one which,
by the use of a Boolean function, combines several ““com-
ponent” sequences to generate the transmitted signal.
The receiver quickly acquires the phase of each component
and computes the range from this. This method was first
suggested by Golomb [4], and an operational model,
built by Easterling [5], has had amazing success ranging
the planet Venus [6].

Manuscript received August 12, 1963,
The author is with the Jet; Propulsmn La.boratory, California
Institute of Technology, Pasadena, Calif.

REFERENCE ONL

This Report presents a general method for treating
Boolean functions of component sequences. The optimal
logics, component sequences, and number of components
can be found by using the method.

11. ComronenT-CoDED RaNGiNg CopEs

A. The Acguisition Ratio

Suppose that a signal z(f), generated by modulating a
carrier by a sequence « = {a,} having period p, is sent
through a simple eontinuous channel with white, additive
Gaussian noise of zero mean as shown in Fig. 1. The time
geries y(¢) presented to the receiver is

y(@) = z{t — ) + n(d).

Here we assume no attenuation in the channel; we do
this without loss in generality by assuming that the re-
ceiver is capable of amplifying y(f) to recover any chan-
nel loss. The noise is, of course, also amplified, and this
must be taken into account.

5(r) TIME DELAY, 7 —9lD——m y (4}

NOISE, #{7)

Fig. 1—The continuous channel.

If ¢, represents the clock rate of the modulating se-
quence «, then the channel delay r is, for some integer &,

T = kt0+ Toy (0 S To < tg).

Once 7, is found, the receiver “locks” this quantity out of
the measurement on r. We will assume, for the present,
that such an initial synchronizaiion or clock lock is in
effect, and first consider cases with r = k.

The optimum receiver to estimate k for the Gaussian
channel is shown in Fig. 2. This receiver minimizes the
error probability for a given detection time, or, equiva-
lently, the detection time for a given probability of error.
It consists of filters (or correlators) matched to each pos-
sible transmitted signal, and this, as indicated previously,
generally requires a large amount of equipment. Some-
times we are limited to a certain amount of eqmpment
or receiver complexity, and we must operate on the in-
iing signal accordingly.
or example, by using p correlators, we are able to
estimate or “acquire’” the time shift, or “phase’” of the
received signal with a certain probability of error after
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TFig. 2—The optimum receiver for the white-noise Gaussian channel.

integrating for, say, T sec. This is the least 7T giving this
probability of error. However, when limited to one cor-
relator in the receiver, we must correlate the ncoming
signal serially against every phase shift of the incoming
signal, which requires pT sec to achieve the same prob-
ability of error. There is thus a trade-off between receiver
complexity and acquisition time:

time for a one-correlation receiver to acquire o

aeq

number of eorrelators in receiver

Now, as an alternative, suppose our scheme is to cross-
correlate « against several locally generated sequences,
SAY Y1, Y2, © 7 5 ¥ne LhE cross-correlation function C...(m)
repeats itself cyclically with period

vy = (P; u")

if v, has period u;. That is, Cay.(m + v;) = Coy.(m).

Knowing the vector m = (my, Ma, -~ , m,) containing
the delays m, (reduced modulo v;) at which each of the
C.,.(m) is a maximum, we must be able to decide the
most probable value of k uniquely. The number of dif-
ferent vectors encountered must thus be greater than the
number of phases of «, 50

P S [v1v027 ot xvn]'

Second, the period u; of v; cannot be relatively prime
to p, for if it were, Coy;(m) would be the same for all m
[because v; = (u;, p)]. Every v, therefore, divides p, and
hence

p = 0 o, 0al
These last two inequalities indicate that
r= [UI)UZy M )vn]'

With one integrator observing T’ seconds per step, the
. time required serially to perform all correlations of a with
the 7:, phase-by-phase and sequence-by-sequence, is (o +
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vy + -+ + v,)T". We choose T” sufficiently long that the
confidence limits in this scheme are the same as the pre-

vious ones using integration time 7. The acquisition raiio,
defined as

(T1e)/(Tae) = [0 + vz + -+ +2)T'Y/@T)

represents the relative saving, if any, between the two
schemes, each with the same specified number of inte-
grators.

If it were possible to pick v;, n, and T” in such a way
that the ratio is less than unity, the alternate scheme
would prove a more desirable receiver in that for a given
receiver complexity and error probability, the total lime to
acquire is less in the second method. We will not only
show that this is possible, but we will also give a way by
which a great saving can be achieved.

B. Correlation Time as o Function of Distinguishability

We now wish to compare the integration time T re-
quired to give a constant probability of error as a function
of correlation separation. Suppose a unit-power signal
z(t) is transmitted, y(f) = «(t — m) + n(@) s received,
and the receiver correlates y(f) against a unit-power
waveform z(f) for a time 7. The output A(m, T) of the
integrator is then

A(m, T) = f "= di

— f "2t — mye) dt + f " () dt
~ TC,.(m) + N(T).

We allow m to be any one of a discrete number of
values, and we assume the noise is white, with zero mean.
The noise term at the termination of integration has
variance

E(N?) = f f N/ (@) 5t — e(t)e(s) dt ds

2 —
oy =

— /@) [ £ di = VT

Let AC,, represent the distinguishabilily of the nor-
malized cross-correlation values C,.(m):

Asz = [sz(m,) - sz(m”)}y

where |C.,(m")| > |C..(m)| for all m, and m” is chosen to
minimize the difference above. The distinguishability-to-
noise ratio limits the error probability; that is, two correla-~
tion detectors will have approximately the same proba-
bility of error if they have the same distinguishability-to-
noise ratio, 8(AA)/on:

[E(A8))/(ox)

f

[TAC..I/[GNT)"]

= [@D)/(N)T AC..-

As a result, the integration time for a given probability
of error [more precisely, for a given 8(AA)/ (ox)] increases
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as the inverse-square of distinguishability of cross-correla~
tion values.

T=&[&wfmgﬁ_

2 ON

The ratio of the fimes 77 and T for two such systems is
hence

% ()
T  \AC../ ~

C. Minimum Acquisition-Time Receivers

To minimize the acquisition ratio

Tiy _ btk e £ )T
T,eq pT

O +vn)<A0,,>2
B [Ul,?)z, ST vn] ACz’z'

for a fixed n, by choosing a and v;, <+, V= properly, we
must first make the distinguishabilities AC.-.- as large as
possible, and second, minimize (@ -+ - - + v) /1oy, - o, a)

Recall that for each ¢ and j, v; and v; must have some
nonunity relative prime factors. There will always exist
», i =1, --- , n, relatively prime in pairs (assuming

[2)
P £ vy, - 0,) With

p o= vs - UL

such that @ + o5+ -+ +v0) < (02 - + ».). To
demonstrate that this is possible, we proceed as follows:
stepwise, consider all pairs v;, v;, and arbitrarily set v; = v}
and v, = v;/(;, v;) at each step. The final set {vf} is
pairwise relatively prime and v}v} --- v, = p, with either
v, < v; OF U] = V. Hence

W, + o+ - o) > @ o).

Since we wish to pick v»; to minimize the acquisition
ratio, we must let the v; be relatively prime, for otherwise
we could follow the procedure above to pick a relatively
prime set of v/ giving a smaller acquisition ratio.

1t is & well-known result that (v, + --- -+ v,} is mini-
mized, relative to the constraint that p = v, -+ ¥, DY
choosing each »; equal to \"/{) Of eourse, the distinctness
of each »; makes this impossible. We must, in consolation,
group the »; as close to /p as possible, keeping them
relatively prime.

In summary, for a minimum acquisition-time receiver,
we seek n well-chosen sequences whose correlations
C .,:(m) have periods v; which are relatively prime and
close to +/p and which have a maximum distinguisha-
bility AC’ between phases. Over all such schemes, we
then choose n to further minimize the acquisition ratio,
approximately
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TI1. BoorEAN CoMBINATION OF COMPONENT
SEQUENCES

It has been shown elsewhere [7] that the distinguisha-
bility of an autocorrelation function ean always be made
greater than that of a cross-correlation funetion. We
may attempt to minimize this effect by defining o as a
combination of “component” sequences £;. That is, we
would like to be able to combine the & in some way to
produce e, choosing this function to maximize the dis-
tinguishability. We are dealing with binary sequences,
and it is thus natural to use a Boolean function. We will
assume that, for an arbitrary Boolean function f, the
function. is applied termwise, as though a were the out-
put of a switching network when the inputs are the &;
(see Fig. 3).

&

€Z

€3
INPUT SEQUENCES] . B0 |—w- OUTPUT, SEQUENCE
€=M, €, 0 a= FIE)

€, —»
L P

Fig. 3—Sequence generation by logical combination of component
sequences.

We assume « and §; are binary (Z=1) sequences, so that
fis a (==1) Boolean function. Define &, £, and fon (0, 1):

a; = (_1)&1
£y = (_l)éi;
f=(=nf

As a convention, we will assume f is a (&1) function of
(0, 1) variables ;.

Since the transmitted sequence a = f(§) is a function
of component sequences, we will correlate a at the re-
ceiver against sequences v; = g: (%), also made by forming
Boolean functions of stored replicas of the same com-
ponent sequences. When correlating o against v;, we agree
to vary only the phase m; of £ at the receiver to compute
C oy (m). Then C,,,(m) has period v; = (p, %), where !
is the period of £. By our reasoning in Section II-A, we
see that ) must equal v; and satisfy all the previously
stated conditions.

To optimize the set of £;, we thus must choose the v;
relatively prime in pairs, and each approximately P,
where p = s -+ 0, is the period of a. Then we must
choose f and the g; to make the AC,,, as large as possible.

A. The Boolean Transform |

Let f(x) be a z=1-valued Boolean function of (0, 1)
variables 1, - -+ , %, Forany s = (81, 83, -=+ , 8.), 8: = 0
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or 1, define

¢(s’ x) — 2—"/2(_1)8111+"'+3n$n.

These 2" functions of %, the Rademacher-Walsh func-
tions, form an orthonormal basis for 2"gpace. Since f(x)
is completely specified by the values it assumes on each
of the 2" different x, f can be treated as a member of 2'-
space. Relative to the basis ¢(s, x), f(x) has components
F(s) given by '

F(s) =277 ,:sz f@e(s, x).

That is, F(s) is the projection of f(x) on ¢(s, X), nor-
malized so that

ST Fs) = 1.
Similarly,
f®) = 27 g: F(s)$(s, X)-

F(s) can also be viewed as the correlation between the
truth table of (x) and that of sz, @ - -- @ 8.2

B. The Correlation Function

Consider the effect of putting binary sequences £ into
the logic f(x). The value of the 7th sequence at time k is
£.3, and the vector giving the input variables to f at time k
is %,; the output is then f (&,). This can also be expressed,
by using the Kronecker delta, as

= (&) = 2 @ o &),

allx

22 3" F(s)é(s, &)

o —
alls
— F(s)(—1 safakteertankak
Es (=D
= > F(9)&iEs -~ i
alls

Note in the above that the F(s) are properties of the
logic alone and do not involve the form of the input
sequences.

Let v be another sequence made by inserting the =
component sequences &; into a logie ¢(x):

ve = g(&) = 2 G(s)ngst - -~ B

At the receiver, we correlate the incoming sequence o
against thig locally generated one, choosing the logic
g(x) to maximize the distinguishability among phases.
We allow different logics at the receiver for each com-
ponent to be aequired; that is, while & is being acquired,
use ¢:(x), and while & is being aequired, use g.(x), ete.
This cross-correlation takes the form

MOEDIPNIOEL

133
k/:J
17 S BN e o B |-
k=0
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The fact that the £ all have relative prime periods means
that they are independent to the degree that the correla-
tion of products is the product of the correlations. Because
of this product rule and because

1 if 8; = W; = O
zi—1
LS g =4 a0 i sw,
i =0
C,(m) if §; = Ww; = 1’

where we introduce the notation

1 z—1
d,’ = - ZS@'I:
U; k=0
1 -1
Cimy = by E Eikirrm
¢ k=0

we can then write the following expression for the cross-
correlation function:

Cf!?(m) = 2: ; F(S)G(W) I:I] di.“_""" [O{(m)]uwi.

(Here we adopt [-]° = 1 purely as convention.) I we
denote the product term as C(m; s, W),

Cor(m) = 2 2 F(9G@W)C(m; s, w).

This formula is of fundamental importance in finding
the minimum acquisition-time receiver. Note that by
using it, one may express the cross-correlation between
any two Boolean functions of the £; as a sum of transform
coefficients of the two functions weighted by autocor-
relation properties of the £. Also note in the equation
C(m; s, w) that when s; & w;,

Ic(m; S,W)! S. di’
and when both s; # w; and s; ¥ w;,
[C(m; s, w)| < d. d;, ete.

Trom these considerations, when the d; are sufficiently
small, we may often omit the terms with s ¥ w from the
correlation equation. This is generally the case, for as we
shall see, the & must have maximally distinguishable
correlation functions, a condition requiring small d;, [7].

IV. MmnivoM AcCQUISITION-TIME SYSTEMS

In this section we treat two ranging systems. The first
is the optimal configuration assuming that symbol syn-
chronization between transmitter and receiver is achieved
through some external source. The second relaxes this
condition, but instead uses one of the components as a
“elock” sequence, locking a phase-locked loop to the
incoming symbol rate.

Not only are the encoding logies f different for these
types of systems, but also the decoding logics g..

We assume that the transmitier codes are displaced
from the receiver codes by m,, ms, -+- , m, steps, or an
equivalent shift of m steps, ‘

m = m; (mod ;)
v, = period of sequence at input z..
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We step each component at the receiver until we have
moved the locally generated components by an amount
equivalent to m and thereby determine the “distance”
from transmitter to receiver.

If the « received is delayed by m steps, our decoding
scheme is also clear: after having found the delays m;
giving maximum cross-correlations of o with each of £,
we declare that m is that integer such that, for each f,

m = m, (mod ;)

which has a unique solution modulo p by the “Chinese”
remainder theorem [8] of number theory.

A. The Synchronous Eeceiver

This first system, as we have indicated above, is based
on the assumption that initial synchronization or clock-
lock is in effect so that the received sequence is symbol-
wise in-step with the locally generated ones. The decoding
procedure is based on the following criteria:

1) The order of component acquisition is immaterial,
provided the proper decoding logic corresponding
to that component is used.

2) Acquisition of any component does not rely on prior
acquisition of any other component.

Consider the terms in f(£) involving &; t.e., the con-
tribution of the #th input to the total output. Call this
part of the signal f;(%). For example,

(5 = F(1,0, -~ &L +

Those terms of f, in which &, - - - , &, appear can be viewed
as “cross-talk,” which can be a degrading factor in deter-
mining the shift of £ if no knowledge of &, --- , & is
assumed.

The receiver must thus either minimize this cross-falk
and/or try to estimate what the cross-talk will be and use
this information to further enhance reception.

If the signals in each channel are independent, or if
we do not allow estimation of one ecomponent to influence
the estimation of another, we have no other course than
{0 minimize cross-talk. We desire, then, to separate from
f(§) only that component carrying the information we
want. This is accomplished most effectively by correlating
a = () against &. We desire to pick f and the £, ¢ = 1,
. 2, ---, m, in such a way that the cross-correlations of «
with each £; have maximum distinguishability. By ehoos-
ing g:(x) = (—1)”, we can write ; as

21- = gz(’é)'

The transform of ¢ is easily cqmputed, for we note that
g:(x) = 2"%¢(x, €), defining e’ to be the ith unit vector
having a single one, in the 7th place.

= ((),0’ SR

)0)21 +F(17 1)01 o

;0; 1707 "':O)-

The transform of g; is then

G.(s) = &(s, ).
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Consequently, the cross-correlation equation reduces to

s§j®ﬂwmmm
+1 X Fs I1@)714dl.

s, 8i=0 i

CaEi(m)

For any two values m’ and m’’ of m,, the difference in
correlation values C.;(m) (and specifically the distin-
guishability) is dependent separately on the autocorrela-
tion of £; and the Boolean function.

Card(m) = Car(m) = [ 2 F(s) 1] @)"]

s si=1 iFT
X [C{m"y — C{m’"}].
" Qur course to optimize the acquisition receiver is now
clear. First, each £; is to have minimum out-of-phase auto-
correlation values so that €;(m) has maximum distin-
guishability, and second, f is to be chosen such that
|3 Fe I @l
is maximized—also for each 7. Further, we can always
choose the sum to be posilive by proper choice of f. Sup-
pose the sum were negative. By choosing gi(s) = (— 17,
we correlate o against &, given by
&= gi(f) = —§
and have C,i(m) = —C.g(m), which has the sum in
question positive. By duality, we can thus always com-
plement z; in f(x), if need be, to make

2 F [ @) >o.

s, si=1k FESTS
Now, consider the sum to be maximized,

> Fs) 1T @).

s, si=1 FE

One of the terms in the sum is F(e’), but the remainder
have produets of d; as factors. Denote
d’ = max {|d,|}

77
Fy = max

s, $i=1
st

{HFEI}.

Using the triangle inequality, we bound the sum of re-
maining terms, calling it F; as follows:

Fol = | X F(s) H(d )< 20 RS g {d: |

1)(01')“ - 1].

s;ée‘ s’
The binomial theorem applied to the inequality gives

Pl <Fu > M@ < FM[:‘_S; (”
| 2 F(s) H(d’) < Ful@ +dy ™" — 11

s, si=1 j#i
s, 8i=1

sset

Note that when d' is small this upper bound can be re-
placed by nd'F y:

IF| < nd’Fy.
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We recognize that by using nearly balanced sequences
for the £; (which we want to do to optimize distinguish-
ability [7]), it is bighly efficient to maximize F (e*) by
proper choice of f(x). In fact, any time that nd’ < 1,
this is the course we must follow to insure the largest
possible F(e*) + F. When we use nearly balanced se-
quences, We can approximate

C ari(m) = F(e)C(m).

So that all channels are identical, let us set all F(e*) =
F(e"). We can then prove that #f f(x) ¢s a Boolean function
such that F(e) = F(e") for all 4, and F(e") is maximal
over all Boolean functions, then f(X) is a strect magority logic:

fx) = { 1 if x has less than n/2 one’s
—1 if x has more than n/2 one’s.

To show that this is true, note that

> re) =2 5 T s

1
Zp(el)zg.1 "

f

Y 3 (=0

=223 @i — 2 ]

where ||x|| denotes the number of one’s in x. To maxi-
mize F(e'), if ||x|] > n/2, we must make f(x) = —1, and
if ||x]] < »/2, we must make f(x) = 1. Those x with ||x||
= n/2, if n is even, may be placed arbitrarily in the truth-
table of f without affecting F(e®). If n is odd, f is a sym-
metric Boolean function; that is, we may permute the x,
without changing f. And if n is even, we ean make it sym-
metric by symmetric placement of those x with ||x|| = n/2
in the truth table. Then, if [y] denotes the integer part
of the number y,

F(e®)

I

21-—7: [n/2} (n)
— é o) %]

— 1

[

For moderately large n, this is approximately
F(e’) = [@/2)n — DI

by the Stirling formula [2].

Into the acquisition ratio we insert the distinguishability
for the cross-correlations €. (m) and the distinguisha-
bility of C,.(m) if o/ were an optimal sequence from the
autocorrelation viewpoint. Whenever the v; are much
larger than unity, both AC; and AC, are approximately
one. The acquisition ratio to be minimized is, then, ap-
proximately given by

n—1

-2
T:cq{n) ~ 1~n/n{ 1-a| 7 1 }
. Tuq snp 2 2 - :

(As shown in_Appendix I, we need consider only odd n.)
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Use of the Stirling approximation reduces the approximate
acquisition ratio to

Toea -, (Zf_}n D

7. ~\ap n — Dp ™.
To find the optimum value of n, the derivative of T7./
TBQQ?

Mwmu@)
dn 2p
goes to zero only when the term in brackets is zero; this
oceurs at those values of n, such that

Inp = [@n — Dn}/fn — 1],

— en(2n——1)/(n—l)

,{/’2; — ezenl(nn)‘
Upon insertion of this value into the acquisition ratio, we
find the optimal ratio:

T_;g_ ~ _ —2n+1
(Taeq)m >3 nin — 1)e .

This ratio above is tabulated in Table I. Note that since
the ratio is less than unity, the minimal acquisition-time
receiver is better than matched filters.

o (%z)[%f —n—(@m—1)np]

Y4
v; R

TABLE 1

OpTIMAL ACQUISITION RATIO AND PERIODS FOR GIVEN %,
SineLe CoRRELATOR CASE

7 P (T"20q/Taca)
1 any 1.0 X 10°

3 1.8 X 102 6.4 X 107
5 7.6 X 10* 3.9 X 1073
7 3.8 X 106 1.5 X 1073
9 2.0 X 108 4.7 X 10°¢
11 1.0 X 1010 1.3 X 1078
13 5.7 X 101 3.4 X 107*
15 3.1 X 10% 8.4 X 1071
17 1.8 X 101 2.0 X 107
19 9.1 X 10 4.6 X 10

Hence, the minimal acquisition-time receiver, given an
a-period p, would ideally combine n optimal binary se-

guences with

n{2n—1}/{n—1)
pove

using component sequences £; of periods v; relatively
prime in pairs and near to 9{=<e”).

B. Modified Synchronous Receivers

Suppose, as an alternative, we are willing to make a
receiver which has one correlator for each of the com-
ponents £; of a. What is the best receiver? Just as in the
constant-equipment case, we define an acqusition ratio:

T4, _ time for n-component acquisition
T,. time for 1-component acquisition

The time for a l-component code a to be acquired is
merely its period p times the integration time 7' per
phase, or pT. On the other hand, with n correlators work-
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ing simultaneously, the time to be acquired is the new
integration time per step 7’ times the number of phases,
or max; {#:}7T7,

Tacq

To minimize this ratio, we may argue as before: the

max {v;} T’
[”17”2: e yvn] T

»; must be relatively prime, for if they were not, we could

pick a relatively prime set with the same least common
multiple but having a smaller maximum component.
Next, to further minimize the ratio, we want to make
(¥:)mex 88 close to the average v; as possible

(Ui)max ad (?)1 + b + vn)/(n)'
The best acquisition ratio is thus given by

+ ct +vn21_'

’
Tacq ~ vl
Tooa nw, -8, T

This equation is exactly the same form as that for the
minimum-equipment receiver described previously ex-
cept for a factor of 1/n. The same technique for obtaining
« from the components £; (which must be optimum binary
sequences) must be applied in both cases, that is, & =
maj (£). Further,

v =~ ¥/p.

With a majority logie, optimum components, and »; >~
~/p, the acquisition ratio is approximately 1/n times
that found in Section IV-A:

-2
n—1

4

ACq —1+1/n 2—n+1 n — 1

/P 2

Upon setting the derivative of this ratio to zero, we find

22/ (n—1}

<%:)OM ~ g n — 1)¢".

This is tabulated in Table II. Although if each v; were
about 3(c~e) in length, the analysis above, based upon
the assumptions that the d, are small and = is large, may
not be strictly valid beeause the relative prime condition
on {»;} may earry (v:)m.. far from e. However the analysis
is indicative of the action to be taken in the design of such
a receiver; after an approximate choice of p, choose n
such that

p ~ en’/(n—ﬂ).

Having this n, choose n relatively prime optimal compo-
nents £; whose periods are as small as possible, but greater
than one. Then modify the choiee of p to

P = VWy ** Upe

The approximations certainly establish a lower bound
on the acquisition ratio, in any case, since optimal condi-
tions were assumed at all times.
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TABLE II

OprrIMAL AcQUisITION RATIO AND PERIODS FOR
G1vEN 71, n~-CORRELATOR CASE

n P (T"aca/Taca)
1 any 1.0 X 10°

3 9.0 X 10 1.5 X 107!
5 5.2 X 10* 4.2 X 1072
7 3.5 X 10% 8.6 X 1073
9 2.5 X 10* 1.6 X 1073
11 1.8 X 108 2.6 X 10™
13 1.3 X 10¢ 4.3 X 10™®
15 9.5 X 108 6.7 X 1078
17 7.0 X 107 1.0 X 10-¢
19 5.1 X 108 1.6 X 1077

C. Optimal Clock-Component Codes

We have previously assumed an initial synchronization
or clock-lock condition in finding optimal codes. How-
ever, we now relax this condition so that the receiver
must not only determine the proper integral number of
phase steps separating the incoming and local codes, but
it must also acquire the incoming symbol rate and lock
its code generators to it. )

Easterling’s single-channel ranging receiver is shown
in Fig. 4 (p. 26). The inner loop, or clock-loop, is synchro-
nized to the symbol rate of the incoming code « by the
presence of a ‘“clock component” in «, and the loeally
generated code v is slaved to the output of this elock-loop.

Whenever the clock-loop is locked to the clock com-
ponent of «, the local code v is stepwise synchronized to «.

Both o and v are logical combinations of a elock sequence

e T s s SRR

and n — 1 other sequences, whose properties we shall
deseribe in more detail later. The transmitter logic we
take, for convenience, to be of the form

Ty @f(xly Loy -

and, similarly, those at the receiver to be

s ZTn)

21 @ éi(xlx Xa, “ xn)'

In these functions, x, is the clock input and =, --- , =,
are the other sequence inputs; €D, as usual, indicates
modulo 2 addition. We have indexed the ¢’s with an 7 to
denote that we are willing to use different logies in the
decoding procedure, perhaps a different logie for each
component. :

The correlation meter reads the normalized ecross-
correlation C{m) between the incoming and local codes.
The clock-loop is held in lock according to the normalized
slope of Cm), defined as

AC(m) = 2[C(m) — C(m")]

where m’ is the effeet of stepping the clock phase one
step forward, i.e., from m, to m, + 1. We shall refer to
AC(m) as the clock-lock correlation.

The optimal codes to use in the above scheme must
have the following properties: 1) a specified initial clock-
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CORRELATION coding functions are found by the following rules:
1) Encoding Function: transmit 2, D f(a, s, -+ - , 2.),
o*(‘X}-——m'@)——’ LOW PASS where f has w one’s in its truth table,
? w=2""1 — Cp)
Co = initial clock-lock correlation.
~& > FILTER veo These w one’s are put in f in a modified majority logie:
9 and (s, - -+ , T,) has fewer one’s than some (Y2, =+ - , ¥)
then f(yh Yoy =7 yn) = 1.
% CODER g, 2) Decoding Functions: decode by correlating with
srepd 3 T @ §:(=z, x, -+, z.) where each §; has u one’s in its
? ff truth table,
62 E3 En

INPUT CODES

Fig. 4—The single channel ra?ging receiver with clock-acquiring
oop.

lock correlation; 2) maximum increase in cloek-lock cor-
relation as components are acquired; and 3) no more than
a specified percentage drop in clock-lock during the
search.

Besides these obvious requirements, it is advantageous
to adopt the following philosophy in choosing the logics:

1) Acquisition of kth component does not rely on the
fact that any of the k& — 2 previously considered non-
clock components have been acquired.

2) The fact that previously considered components are
acquired shall enhance acquisition of the comnponent
under present scrutiny.

3) Components not yet considered, whether such com-
ponents happen to be already in-phase or not, shall
not affect the acquisition.

In previous analysis, we have seen that the components
£, must have relative prime periods, have small out-of-
phase correlation, and a balance of one’s and minus one’s.
To simplify calculations, we make the following assump-
tions concerning the £;:

1) Independence, i.e., the correlation between the 7th
and the jth input sequence |C.;(m)] = 0 for all m,
every ¢ = jand ¢, j # 1.

2) Perfect autocorrelation of input sequences, i.e.,
C;(m) = 0 for all m # 0 mod v;, all 2 1.

3) Balance, i.e., equal number of one’s and zere's in
each component sequence, per period.

For the type of sequences we must use as components
(pseudonoise or near-pseudonoise), none of the above
assumptions strictly applies. In fact, 1) and 2) cannot
oceur simultaneously. However, each “ =0"" above can be
replaced by “ <&’ for some appropriate e, so that the
results are essentially the same whenever e is small.

Based on these criteria, the optimum coding and de-

uw=2""1 — Kp)
K, = fractional drop in clock-lock from C,.
a) Clock-component acquisition: §:(xy, a2,
AC = Co.

b) k’fh—component acquisttion: first list the w vectors on
which f(zy, %2, - -+ , .) = 1 and calculate the numbers

y L) =0

difference between number
of times

S, P - P sz, = 1and
3 P - P s, =0

for every binary vector (ss, s;, -°
4 vectors on which g§.(zi, -+

F,(827 Tt ysn) = 21—7J'

-, 8,). Now choose the
, T.) = 1 as follows:

Step 1) x, = 1 for each of the u vectors

Step 2) if for any (ss, - - , 8,) havingall s, = 0,§ > K,
and F’(s) # 0, make the number

difference between number
of times

822D - - D, = 1 and
S22 P - Dsx, =0

have the same sign as F'(s) and be as large in magnitude
as possible. If it is not possible to make them have the
same sign, make G(s) as near to zero as possible.

Step 3) If any s hass; = 1, § > k, and F'(s) # 0;
make G4(s) equal to zero i possible, and i not, pre-
ferably F’(s) and @[(s) should have the same sign.

GI{:(821 st )Sn) = 21—’1

The reasons for the above steps are based on the fact
that, according to the assumptions, it follows that

ACurilm) = G + 3 PUG® TT [Cm].

Step 1) makes the principal jump as large as possible,
step 2) asks that the previously acquired components
enhanee acquisition when possible, and step 3) insures
that the effect of unacquired components is minimized.
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AprpENDIX 1

ExAMPLE OF AN OpriMAL CLock-COMPONENT SYSTEM

Consider a five-component (four-component plus elock)
system with the following constraints:

1) Imitial clock-lock, Co = 0.625
2) Drop in elock-lock, K, = 0.625.

These numbers fix the number of one’s in the truth
tables of f and 4.:

w=u= 21 — 0.625) = 6.

The six one’s of f are then placed on the following
vectors, in accordance with the modified majority logie:

(11111
(11110
(11101)
(11011
(10111)
©1111)

Shy
J.L.

The 16 numbers F/(s) are easily calculated:

FFl1000 =F@0100) =F(0010
=F0001 =025

Frii 100 =F(1010)=F(1001D
=F0110=F0O1001
=Froall)=—0.125

FFi110=F(11000=F1011
=FO111)=0

1111 =0.125.

To design an optimal clock-component system, we
utilize the rules stated in Section IV-C:

1) Clock acquisition: AC, = C, = 0.625
2) Second componeni: We choose six vectors which
satisfy the rules 1), 2} and 3):

By1): (~1-—-)

(-1---)
(-1---)
(-1---)
1---)
1---)

By 2): no constraint

By 3): columns 3, 4, and 5 must be balanced. Modulo
2 sum of columns 3, 4, and 5 should have balance or ex-
cess of one’s.

Since there are six veetors, it is not possible to have

rows 3, 4, and 5 balanced and the modulo 2 sum of any
two columns also balanced. Hence, we seek to have more

zero’s in the modulo 2 sums of any two columns.

(01000
(11001
01010
©1111)
11110
(11100

§2:<

@41 0 0 0) = 0.375

G0100) =C0010 =C{0001) =0
GUL100)=@1010)=G1001 =0

GO 110)=G0011)=G0101=-0125
1110 =G1011)=G101 =012
GO111) =025

G1111) = —025.

The only G4(s) not satisfying 3) is G4(1111). But we
reason that this is acceptable because its contribution is
detrimental only when all components are already in
lock, a likelihood of only one chance per total period.

The clock-lock correlation equation is

AC(m) = 0.391 + 0.094C(m) -+ 0.015
[Ca(m)Co(m) + Ca(m)Cs(m) + Co(m)Cs(m)]
— 0.031C,(m)Cs(m)C(m)Cs(im).

Note from this that even if all coraponents were in-phase,
the net result would be an enhancement of 1.5 per cent.
3) Third component: Again choose six vectors:

By 1): (--1--)

(--1--)
(--1--)
(--1-9)
(--1--)
C-1--).

By 2): G4(-— 0 0) is to have the same sign as F' (- -0 0)
and be as large as possible:

(-11-9)
(-11--)
(-11--)
(-11--)
(-11--)
-11--).

By 3): Again, columns 4 and 5 must be balanced. This
again means their modulo 2 sum cannot be balanced.
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Since F'(0 0 1 1) is negative, we must have a majority

of zero’s in £, P x5:

(01100
(11100)
01101
©1111)
11110
(11110

Js @

Gi(1O000)=G40100) = 0375
0010 =G0001 =0
G1100) = —0375

G(1010)=G51001)

I

G110 =60101 =0

G110 1)

i

Gi(1110 =20
G011 =641111H=-0125
G1O011)=@G40111 =0.125.

The clock-lock correlation equation is:

ACs(m) = 0.391 + 0.094C,(m) + 0.094C,(m)

+ 0.047C,(m)Cs{m) + 0.015C,(m)Cs(m)
— 0.015C(m)C(m)C(m)Cs(m).

Again, the effect of components 4 and 5 being in-phase is

nullified.
4) Fourth component: The six vectors on which §, = 1
must have:
Byl}: (---1-
--1-)
---1-)
--1-)
--1-)
---1-)
By 2): Gi(~ — - 0) are to have the same sign as F’
(~ — ~ 0) and be as large as possible,
(-111-)
-111-)
-111-)
-111-)
-101-)
+101-).

By 3): Column 5 is to be balanced, and since F/(0 1 0 1)

is nonzero, we make G,(0 1 0 1) = 0:

(01110
01111
L ja1110
'{(11111)
01010
(11011
Gi(1000) =600 10 =0.375
Gi(1010)=—0.375
0100)=@G)(1110) = 0125
(1100 =G6G4(0110) = —0.125
OO0 =@1L00H=@00011
=G(1011) =0
G110 =G60111
=Gl 111 =0.

i

Gio101)

Clock correlation is now:

AC(m) = 0.391 + 0.094C,(m) = 0.031C,(m)

+ 0.094C,(m) + 0.015C,(m)Cs(m)

March.

+ 0.047C(m)Cy(m) + 0.015C5(m)Cy(m).

5) Fifth componeni: The last six vectors must satisfy

only 1) and 2):

Byl): =---1)
---1
---1
---1
---1
(-=-—--1).
By 2):

(01111

111101

g,s:{(omu)

11011

01101

111001

G{1000) =G{000 1) = 0.375
GO100)=GM0010) =G(L101)
=GN1011) =012
G100 =GN1010)=G0101
=@0011) = —0125
G100 1) = —0375
G0110)=Gy1111) =0.125
G(1110 =G40111) = —0.125.
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Clock correlation is Athen:
ACs(m) = 0.391 + 0.094C,(m) + 0.31C:(m)
+ 0.031Cy(m) + 0.094C5(m) + 0.015C,(m)Cys(m)
+ 0.015C(m)C.(m) + 0.047C,(m)C5(m)
— 0.015C5(m)Cy(m) + 0.015C;(m)Cs(m)
+ 0.015C,(m)Cs(m) + — 0.015C,(m)Co(m)Cy(m)Co(m).

Once the calculations are made, the logics given in
Table IIT are established. The decoding proceeds as fol-
lows (see Fig. 5):

TABLE III
Rawneing Encoping AND DEcoping FUNCTIONS

8
-
)
8
w
8
o
8
~
8
o
<n
™
W
Py
‘Es
L
)

b e e b el el e el bl = = OO O OO OO OODOODOOO®
RO O OO OO OO0 |

MR b - OO O OO OO M MmO OO0 O DO
e OO OO M OO OO RO OO R MO OO o
HHOOHD—‘OOHWOOHHQO"T‘HOOHHOO'—‘F“OOHHOO
b-lO)——lQI--‘Ob—‘OHOHO)—‘OHQHOHOHO!—‘OP—‘O)—‘OHOHO
9--‘OOHOOHOOOOQOOOOHGQOOHDHOOOOOOQC
HHO)—*QOOQOOOQOOOOHQHHOOOOOOOOOOOD
i—‘HOOHQOOQCOOOQQDHHOOO)—‘OOCOOQQOOQ
HOHDHQOOOQOOOOOOHOHOHOOOOOOOOOOD

% x, is the elock component.

100

CORRELATION, %

I } i } [ ; i ! {

ouT’ m[our N jouT INjouT "IN [ouT  IN | FINAL

! z 3 4 5 :
COMPONENT

Fig. 5—Acquisition diagram.
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1) First componeni: clock-locks, 62.5 per cent cor-
relation.

2) Second component: with clock in lock, using g,, cor-
relation is 39.1 per cent until the second component is ac-
quired when correlation jumps 9.4 per cent to 48.5 per
cent. If any of components 3, 4, or 5 are in lock, the initial
clock-lock at this point may be 1.5 per cent higher.

3) Third component: using gs;, assuming clock and

second-component lock, the clock-lock correlation is
48.5 per cent until third component acquisition, when
correlation jumps 14.1 per cent to 62.6 per cent. Com-
ponents 4 and 5 have no effect.
* 4) Fourth component: using g, and assuming compo-
nents 2 and 3 are acquired the clock correlation stands at
53.1 per cent and jumps 15.6 per cent to 68.7 per cent as
component 4 is locked. Component 5 does not affect the
reading.

5) Fifth component: using g, assuming components 2,
3, and 4 are in lock, the clock-lock is initially 56.2 per cent,
jumping 15.6 per cent to 71.8 per cent as component 5 is
stepped into phase.

6) Final combination: when all components are locked,
the decoder logic is changed to f, and the correlation
jumps to 100 per cent.

AprreENDIX IT

CavrcuLaTioN oF F(s) For MaJoriry Logic

Let n be odd and let f be the unique majority logie.
We consider only odd n, because if n were even, then

n—1
1—n ?_,L
Fe) _ ? 2 J_,
Fn+l(el) n ’
-
2 2

We could thus increase » by one without affecting the
correlation value (or the correlation time) but decreasing
the ratio (Zv,)/(Iv,).

We wish to caleulate the transform of f(x). Sinee f is a
symimetric function, if s has k one’s (i.e., s = k), then for
some permutation x

F(s) = Fa®) = Fu"
uf = (1,1, ---,1,0, .- , 0,

and by this symmetry of f, we need to calculate only
these F(u®).

F) = 27 30 (=1 =*(m)

X

—_ 2n/2 (___1>Ix+"‘+zk
%, 1 IXHZ<(n/2)

R -

x dixii>(n/2
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Define the two sums above as
A = X (=
= 12l 1< (n/2)
B(k) — __1)x1+~-'+:k.

x, | xt > (n/2)

Suppose that vector x has ¢ one’s in it, j of which lie in
.. Eliln = k
Ty, -, Tey a0d © — JI0 Lgaq,- -+, Tpe There are | -
jii—j

such veetors x, and thus

(n—1)/2 min (k%) ';c)<n — k) X
k) = ( R
am =2 2 Gl -0
-z = k)(n —_ k) o
- . J(—1).
X 2 GG
By similar reasoning,
i -k ~ k i
Bl = > 2 ( )(n _ .>(—1) .
i=(nri)/z im0 VJ/NE 7

Let @(f) be the generating function

fi @(f’ _ 7;)(—1)"3"
5 (S 55 (= Mo

=N =g
- 5 (e £
= (1 — %1 + "~

Note that the sum of the coefficients of £°, ', - - -, V2 g
precisely A (k), that is,

I
s

a(?)

i

Il
<

I
N

Il
@

1 — O+ o
I A
(1 — a4+
(L= ")
a— a4+ 9
€= &7a+ o

(1 _ t2)k—1(1 + t2)n—k‘
tn

coeff. of {7 in

A(k) =

= coeff. of "% in

eoeff. of {7 in

I

= coeff. of "' in

= coeff. of £ in

By this procedure, we reduce A(k) to the residue of a
rational funetion, to be calculated by the Cauchy residue
theorem:

_l__ (1 — tZ)k—I(l + tZ)n—k dt
2rj &

A) = G=vV-=1
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integrating along any simple closed path containing the

origin.
L
2rj &\t t ;T t

Choose the integration path to be unit circle, ¢ = ¢*
2n—2(___ j)k—l

w

Ak =

2r
Ak) = f sin®! 2 eos™ " z dz.
o

Because 4 (k) must be real, we may limit our attention
to the real part of the equation (i.e., to odd k). This inte-
gral is one which can be reduced by a standard table of
integrals {e.g., see Burington [9]) to

e

A
2 ) 2 ’
By a similar procedure, or by invoking symmetry of the
majority function, we compute
Bk = A(k).
The final result for F(s) is, then

AR) = Gey (=D

n—-—lc)“ n—=Fk

J k- DYi———!
mﬂ=2Wﬂe#*, L5

(n - 1), (lc - 1), 2

2 ’ 2 ’
whieh, for & = 1, gives the result obtained previously for
F(e'):

n—1
n— 1

N l-n
Fle'y = 2 5
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